This paper deals with a multiscale approach to model thick-walled laminate cylinder with internal pressure. Micromechanics defines material homogenization considering two steps: determination of equivalent properties of each lamina from matrix and fiber properties according to the MoriTanaka model for elastic properties and to the Bridging model for strengths; and determination of anisotropic homogeneous properties of the laminate built with a set of laminae using asymptotic homogenization. On the other hand, macromechanics determines stress and failure analysis. Lekhnitskii formalism is used to obtain the elastic solution of the stress and strain distributions and failure is analyzed employing the Tsai-Wu criterion. Three different pressure vessel configurations are analyzed according to end conditions: restrained-ends, open-ends and closed-ends. Angle-ply laminates made of carbon fibers and epoxy matrix are considered to evaluate the influence of lay-up angle, fiber volume fraction, wall thickness and end-conditions. The optimum angles as well as the maximum internal pressure are obtained and a parametric analysis is presented. The main results indicate that the optimum angle is almost constant for restrained and closed-ends. On the other hand, for open-end, angle varies in a significant way. Besides, results show that the increase the fiber volume fraction is more effective to increase vessel strength than the increase of the number of layers.
INTRODUCTION
Structures made of composite materials have been widely used due to advantages related to joining materials with different properties, exploiting the best of each one of them. Anisotropy and heterogeneity are essential characteristics of composite materials that make their mechanical modeling hard and complex. Composite pressure vessels have been studied by different approaches during decades. It has been the objective of several research efforts by large industrial applications such as fluid storage and transportation. Despite this, there are still nowadays challenges related to several design issues, as failure criteria, mainly for 3D stress state Kaddour and Hinton, 2013 , and stress concentration modeling Vignoli and Savi, 2017 . Lekhnitskii formalism constitutes one of the most used analytical approaches for three-dimensional solutions in anisotropic elasticity Lekhnitskii, 1981 . The major contributions of the elasticity based solutions are related to Ting 1996 , 1999 and Chen et al. 2000 . A complementary approach is presented by Evans and Gibson 2002 , which studied the influence of the ratio of mechanical properties of fibers and matrix on failure mechanism.
Based on these theoretical advances, Tita et al. 2012 developed a computational tool to analyze thick laminate tubes subjected to internal pressure with a simplified homogenized solution. In an alternative way, Ansari et al. 2010 proposed a hybrid analytic-numerical solution based on the three-dimensional theory of elasticity and applying the finite difference method to solve the governing equations, obtaining stress and strain distributions through the laminate tube wall subjected to thermomechanical dynamical loads.
All these studies use anisotropic macromechanical properties. In this regard, mutiscale approach constitutes a design improvement, allowing one to consider the influence of constituents as well as laminate lay-up. Chat-material property variations. The main advantage of the multiscale homogenization is that all the interface boundary conditions i.e. force equilibrium and displacement continuity are intrinsically satisfied, eliminating the necessity to solve a system of equations associated with a laminate composed by a set of concentric tubes, where each layer lamina is an independent structure. Another multiscale approach is presented by Liu et al. 2012 using finite element method. The influence of the pressure load in a homogenized pressure vessel considering damage of the representative volume element RVE is analyzed. According to Carrere et al. 2012a Carrere et al. , 2012b this multiscale approach is the most recommended design guideline.
Multiscale characteristics associate the composite structure optimization design to a large amount of variables including constituent volume fractions Tsai and Melo, 2014 . Experimental approach can be employed to deal with that, as presented in by Cohena et al. 2001 , which reports that the strength of a graphite-epoxy filament wound tube increased around 10% if the fiber volume fraction is increased from 0.52 to 0.65. Rafiee and Amini 2015 pointed that the increase of the fiber volume fraction may result in a smaller failure pressure depending on the winding angle.
A review of pressure vessel design challenges are detailed by Martins et al. 2012 Martins et al. , 2013 Martins et al. , 2014 including the optimum winding angle according to the end-load condition and different failure modes. The authors classified the end-condition in three different ways: closed-ends, which is the most common pressure vessel application for fluid storage, and open and restrained-ends, which are usually applied to model pipeline conditions. The restrained-ends condition is equivalent to the plane strain hypothesis, being the objective of the analysis of Christensen 2005 . Onder et al. 2009 also studied different failure mechanism for first ply failure FPF and burst of glass fiber closed-ends pressure vessels.
Additional contributions have been done by Drozdov and Kalamkarov 1995 that proposed an analytical model to evaluate the optimum preload during winding fabrication process of pressure vessels considering the layers as viscoelastic materials. An overview of manufacture issues can be found in Barbero 1998 . Kam et al. 1997 and Chang 2000 presented experimental results of FPF pressure using acoustic emission technique for damage detection. Krikanov 2000 considered the influence of mass and stiffness for an optimization analysis. Parnas and Katırcı 2002 developed a procedure to study filament wound cylinders for motor applications where, additionally to the internal pressure, an axial force and a body force from angular velocity are considered. They concluded that the application of axial force decreases the optimum winding angle while the angular velocity tends to increase for values close to 90°. Quaresimin and Carraro 2014 investigated multiaxial fatigue effect in glass fiber laminate tubes. Sarvestani et al. 2016 proposed a method based on the layerwise theory to study laminate tubes subjected to bending and transverse shear loads. Almeida Jr. et al. 2016 proposed a computational approach for damage progression of composite tubes with external pressure loads.
This article deals with the design of pressure vessel considering the influence of end conditions, lay-up and fiber volume fraction on failure. A multiscale approach is adopted using micromechanics to define lamina properties and the equivalent laminate properties. Macromechanical analysis considers elasticity-based stress and strain distributions as well as failure criterion. Micromechanics employs Mori-Tanaka model to estimate elastic properties and the Bridging model to compute strengths of the lamina. Afterward, asymptotic homogenization is applied to transform the laminate in a homogenous anisotropic equivalent cylinder. On the other hand, macromechanics uses the Lekhnitskii formalism to obtain the stress and strain distributions. Strain components are used to define the failure according to the Tsai-Wu criterion. Carbon fiber and epoxy matrix are selected to study the maximum pressure and optimum angle in angle-ply laminates according to the end conditions, fiber volume fraction and vessel thickness through a parametric analysis.
MICROMECHANICS ANALYSIS
Several models have been proposed to estimate equivalent properties of the lamina from constituent data. Basically, this is established by micromechanics analysis related to analytical semi-empirical tools, elasticitybased models, homogenization models, among other possibilities. Nevertheless, the majority of models are related to elastic properties, being not able to predict strengths. The definition of stiffness and compliance tensors of a unidirectional lamina uses five independent elastic constants; on the other hand, failure analysis employs six strengths Lekhnitskii, 1981; Kaddour and Hinton, 2012 . A complete micromechanical model must be able to predict all of these eleven properties.
This work employs micromechanical models that are separated into two parts: initially, elastic properties are estimated using the Mori-Tanaka model and the strengths are predicted using the Bridging model for a single lamina; next, the asymptotic homogenization is applied to obtain the equivalent properties of the homogenized laminate considering an angle-ply lay-up α n , where n is the number of repetition of the plies α and -α. The
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Bridging model was first derived based on the Mori-Tanaka approach Huang, 2000; Huang and Zhou, 2011 and later an alternative formulation using the three-phase model was proposed resulting in similar predictions Wang and Huang, 2015 . Basically, all interfaces are assumed to be perfectly bonded. These interfaces include fiber-matrix and consecutive plies. Carneiro and Savi 2000 proposed an interface constitutive model describing delamination effects. Sevostianov et al. 2012 discussed different approaches to deal with imperfect interface modeling. Macedo et al. 2017 presented an alternative numerical methodology to evaluate mechanical behavior of unidirectional laminates based on the asymptotic homogenization theory including interface effects. Composite material description needs to proper establish the coordinate systems definition. Four different coordinate systems are necessary see Fig.1 : cylindrical coordinates, r , q and z , used to describe the macroscopic aspects of the structure i.e. stress and failure analysis ; local coordinate, i x , where 1 x coincides to the lamina fiber direction; global coordinate, i X , used as reference to the homogenized properties and 1 X , 2 X and 3 X coincides with the directions of z , q and r , respectively; and micro-coordinate, i y , used on the asymptotic homogenization process section 2.2 . Since the asymptotic homogenization is carried out on the radial direction, this is essentially one-dimensional being convenient to define 3
. Coordinate transformation from local to global coordinates is defined by the following tensor:
Lamina Homogenization -Mori-Tanaka Model
The Mori-Tanaka model Mori and Tanaka, 1973; Benveniste, 1987 is based on the Eshelby inclusion theory using the eigenstrains concept Mura, 1987 . The idea is to establish an average behavior defined from fiber and matrix behaviors. Hence, stress σ ij , and strain e ij , tensors can be defined from their average values, represented by ... , evaluated on matrix and fibers Pyrz, 2008 , ( ) 
where stresses and strains are described on local coordinate system and V f is the fiber volume fraction.
The essential assumption for macroscopic homogenization is to establish a relationship between the average stress and the average strain tensors by equivalent stiffness tensor ijkl c , allowing one to write equivalent constitu- 
e T e , the following expression are obtained after some tensor manipulation
Tensor ijkl T can be calculated using the Eshelby inclusion principle that leads to,
where ijkl S is the fourth-order Eshelby tensor that depends on the matrix properties and inclusion geometry shape. A set of generic solutions for isotropic and anisotropic matrix is found in Mura 1987 . By considering long fibers embedded in anisotropic medium, the non-null components of this tensor are the following, According to Abaimov et al. 2016 , longitudinal and transverse elastic modulus, in-plane Poisson's ratio, inplane and out-of-plane shear modulus are computed with the following equations.
An alternative set of equations is proposed by Liu and Huang 2014 .
Lamina Strength -Bridging Model
Composite strengths can be evaluated by considering the Bridging model that can be separated into two different approaches: longitudinal and transversal. For the longitudinal strengths, where the fiber failure mechanisms are preponderant, the following equations are used Huang and Zhou, 2011 , 11 11 1
(1 )
(1 ) ( On the other hand, for transverse strengths, the model assumes a matrix dominant failure and the stress concentration effect on the transverse plane. Using the Coulomb-Mohr's failure criterion, the strength predictions are given by Huang and Xin, 2017 (1 ) ( 
The model is completely established by defining the following parameters
Laminate Homogenization -Asymptotic Homogenization
Once the homogenized lamina material properties are estimated, the equivalent laminate properties are computed with asymptotic homogenization Kalamkarov and Kolpakov, 1997 . Therefore, it is necessary to obtain the stiffness on the global coordinate system by the following transformation: 
Assuming that stress and displacement field solutions are written using a power series and using the stress series on equilibrium Eq. 29 , the following equations are obtained matching the powers of  on both sides disregarding terms with powers higher than one , 
Under these assumptions, a general periodic function on the unit cell is considered, ( ) nkl N y , and the following relation is obtained
Integrating Eq. 38 along the unit cell using the divergence theorem, the first-order term of the stress solution vanishes due to the unit cell equilibrium requirement Kalamkarov and Georgiades, 2002 . The zero-order stress term is the more representative, being rewritten as follows
Integrating the other equilibrium condition
In other words, the equivalent stiffness tensor may be defined by
Considering the through thickness homogenization, a one-dimensional description is obtained and the unknown function must satisfy Integrating then twice along the unit cell and using the periodicity requirement to obtain the solution, the equivalent stiffness tensor is redefined as
MACROMECHANICS ANALYSIS
After the micromechanics analysis that defines equivalent properties obtained from the two-step homogenization, the stresses and strains distributions, as well as failure criterion are discussed on macromechanics analysis. The advantage of this multiscale approach is that it is necessary to analyze just one homogenized anisotropic tube, instead a layered tubes satisfying the equilibrium and compatibility conditions in all interfaces between plies. 
where 
Hence, at this point it is necessary to calculate four constants to obtain the complete solution of the stress distribution: g , x , 5 a and 6 a . By considering that the pressure vessel is subjected to internal pressure p , the following boundary conditions related to the normal stress on the radial directions must be satisfied where R i and R e are the internal and external radius, respectively.
Manipulating Eq. 59 , constants 5 a and 6 a are given by
Latin for closed-ends. Note that, in general, the normal stress distribution is neither uniform on the cross section nor for pure axial load for anisotropic materials due to equilibrium requirements Vignoli and Kenedi, 2016 .
Failure Criterion -Tsai-Wu Model
Failure criterion is an essential issue to the composite design, allowing one to define optimum angles and maximum internal pressure. In this regard, Tsai-Wu failure criterion is employed based on the World Wide Failure Exercise WWFE results Hinton et al., 2004; Soden et al., 2004; Kaddour and Hinton, 2013 . This criterion was originally proposed as a failure criterion for any anisotropic material Tsai and Wu, 1971; Liu and Tsai, 1998 Considering the strengths expressed in material coordinate, as discussed in section 2, the following tensor transformations are introduced using the tensor rotation operator: 
Parameters 12 a and 23 a are calibration factors to represent the interaction between normal stresses. According to Tsai 1998 and Maiarú et al. 2017 , these parameters can be expressed as follows, 
S S a = -81
An alternative discussion about the influence of these parameters is presented by Li et al. 2017 .
Alternatively, the failure function can be expressed in terms of strain components, given by This approach is convenient due to three reasons: strains are continuous through the vessel's wall by compatibility conditions while the stresses are not; the effective strains obtained from the homogenized solid are similar to the actual strains on the laminate Kalamkarov and Georgiades, 2002 ; the strain components in global coordinate are directly computed using the stress solution and the equivalent compliance tensor, that is obtained from the stiffness tensor in Eq. 43 .
RESULTS
A computational implementation of the theory introduced in the previous sections is carried out. Basically, an incremental finite element analysis using shells elements is carried out, improving the capability to define end-condition requirements according to the specific geometry of the structure a detailed discussion may be found in the reference . E-glass fibers and MY750 epoxy matrix are treated with properties presented in Table 1 i) Glass fibers are isotropic and, to avoid loss of generality, it is employed the transversally isotropic fiber notation and therefore, it is not necessary to redefine the previously presented equations; ii) Martins et al. (2014) presented mechanical properties of the lamina instead of constituent properties. They also reported that lamina tensile and compressive strength difference is around 3%, which means that they are virtually equals. Hence, it is assumed that fiber tensile and compressive strengths are equals, despite some other additional reference had obtained different values for these properties (e.g. Soden et al., 1998) . The goal of this step is compare both results. Table 2 , since the failure criteria employed are not the same. It should be pointed out that the analytical model proposed has the advantage that the variation of the optimum angle according to the fiber volume fraction is easily computed. Note that just initial damage FPF is considered. Table 3 : Constituent properties for parametric analysis Kaddour and Hinton, 2012 . Carbon Fiber T300 presented in Table 3 . The lay-up related to each end condition is analyzed independently, since closed, open and restrained ends are usually design requirements that are dependent of the application and the aim here is to discuss the optimization of each one. For all the cases, the ply thickness is 1mm and the inner radius of the cylinder is 100mm. Figures 4-6 show contour maps of the maximum allowable pressure to avoid FPF, hereafter named maximum pressure, according to the fiber volume fraction and the lamina directions. Different configurations are treated considering three end-conditions and different number of plies repetition α: n 10 and n 50. This kind of analysis is useful to illustrate the optimum combination and its variations. Note that the closed-ends condition is more sensitive with respect to the number of plies than the other ones. Concerning the maximum pressure, openends condition indicates the most considerable variation of the optimum angle. By considering restrained and closed-end vessels, Fig. 4 and Fig. 6 show that α 90° and α ≅ 55°, respectively, are related to the optimal angle almost independently of the vessel thickness, similar to Fig. 3 . This comparison indicates that optimum angle may be defined independently of the number of plies, fiber type and volume fraction, depending just of the endconditions. For plane strain, α 90° may be understood by the additional effort resulting from the restriction of the longitudinal direction, i.e. normal force and torsion moment, to remain without out-of-plane strain. For closed-ends, α ≅ 55° indicates that the fiber really have a main role in this vessels to resist the load, as assumed on the classical approach Christensen, 2005 . On the other hand, for open-ends an optimum angle range of 10° is realized. This end condition has the higher sensitivity according to the vessel thickness. The increase of the number of plies may not be able to allow a considerable increase of the maximum pressure. Therefore, an alternative would be the increase of the fiber volume fraction of each ply. In order to observe this, a surface level map is presented in Fig. 7-9 , where the maximum pressure is varying according to the fiber volume fraction and the number of plies. Only one angle α is chosen for each load condition the selection is based on the optimum values presented in Fig. 4-6 . An asymptotic trend of maximum pressure curves according to n is noted. In other words, the maximum pressure increases for thicker vessels and therefore, it tends to have a maximum limit, indicating that the increase of the fiber volume fraction is usually a better option than the increase the number of plies. This conclusion is only valid for FPF. An additional analysis is necessary to evaluate the influence of fiber volume fraction and number of plies in ultimate failure and the authors are not aware of this analysis available in the literature. Influence of the number of plies n on the maximum allowable internal pressure according to α Vf 0.6 and map of the maximum allowable internal pressure according to n and Vf for close-ends.
CONCLUSIONS
This contribution presents a multiscale analytical modeling for composite pressure vessel. Micromechanics analysis is developed to define lamina equivalent properties from fiber and matrix properties; next the laminate lay-up is transformed into a homogenized anisotropic three-dimensional cylinder. Afterward, a macromechanics analysis is treated to obtain the stress-strain distribution and failure criterion. Tsai-Wu failure criterion is employed to define the maximum admissible load condition based on the elasticity solution using the Lekhnitskii formalism. Different boundary conditions are treated: open, closed and restrained ends conditions. For openends, neither axial force nor torsion moment are considered, while for closed-ends, the equilibrium requirement is assumed by the pressure load on the vessel end. For restrained-ends, the plane strain condition is assumed. Results are compared with other approaches available in literature showing coherent agreement. Based on the developed analysis, it is noticeable that the increase of the fiber volume fraction is a more effective approach to increase allowable pressure than the increase of the number of plies for FPF design guidelines. This conclusion may be pointed out from certain vessel thickness, for very thin vessels a considerable strength is obtained increasing the amount of layers. number of plies. For open-ends, the optimum angle for thinner vessels tends to be closer to 80°. While the wall thickness is increasing, the angle becomes closer to 60°.
